r’, re) = r/r, ro/r

R = propellor radial coordinate or radius of turbulent
eddy

R’ =R/R,

R, = radius of propellor

Rm = maximum eddy size which is turbulent relative
to obstacle

S = characterizes crystal surface morphology, nuclei/

unit driving force
tg, Ty = functions defined after Equation (12)
t, Ty = functions defined after Equation (13)

AT = solution subcooling

v(ry, r3) = velocity of crystal radius r; relative to crystal
radius 7y

¢ collision velocity

velocity of fluid relative to blade element

volume of crystallizer

half width of blade element

= weight fraction of crystals, Kg(crystal) /Kg (total)

i

Vs
Ve
w
x

Greek Letters

o = hydrodynamic angle
B = nucleation rate per crystal, nuclei/crystal - s - m®
€ = square of collision velocity normalized with re-

spect to v.sina
square of collision velocity, m/s?

€t =

) = collection efficiency of blade element

mp = collection efficiency of propellor

0 = angle of propellor blade relative to the plane of
the propellor

I = dynamic viscosity

o = fo r™f(r) dr

= distance of crystal from obstacle

density of fluid

density of crystal

solid angle for crystal colliding with obstacle
maximum solid angle

collision frequency, collision/crystal - s

£SR3
i n

Subscripts

b = crystal-crystallizer collisions driven by the bulk
flow

ct = crystal-crystallizer collisions driven by turbulence

g = crystal-crystal collisions driven by gravity

£ = crystal-crystal collisions driven by turbulence
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Experimental Investigation of Polarization
Effects in Reverse Osmosis

With a Mach-Zehnder interferometer, salt concentration profiles were
measured in a reverse osmosis system under natural convection with the

membrane in a vertical position. The measured concentration profiles com-
pared favorably with those predicted theoretically as long as the motion
remained laminar. At large distances from the leading edge, however, the
flow developed a wavy pattern, especially for bulk salt concentrations in
excess of 0.1 moles/liter. As expected, whenever this motion became espe-

A. R. JOHNSON
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Stanford, California 94305

cially pronounced, the concentration of salt at the membrane surface was
less and the production rate of fresh water greater than that predicted

using the laminar analysis,

SCOPE

One of the more promising techniques of desalination
is the so-called “reverse osmosis” process, in which sep-

A. R. Johnson is with Kaiser Aluminum & Chemical Company,
Permanente, California 95014.
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aration is accomplished by applying sufficient pressure to
a salt solution to force the water through a semipermeable
membrane, that is, a membrane that will preferentially
allow the passage of water molecules over salt ions. The
process suffers from the fact, however, that as the water

AIChE Journa! (Vol. 20, No. 5)



is forced through the membrane an increase in the salt
concentration of the solution takes place near the mem-
brane surface. This reduces the effectiveness of the sys-
tem by lowering the production rate and increasing the
product salt concentration.

To prevent the water flux from decreasing with time
due to this increased concentration, or polarization, it is
then necessary to remove this more concentrated solution
from the region adjacent to the surface of the membrane,
for example, by pumping fresh solution under pressure
past the membrane surface. Dresner (1963), Sherwood et
al. (1965), Gill et al. (1966), and Hendricks and Williams
(1971) have investigated the effects of forced convection
in reverse osmosis and have shown that, as expected,
these can substantially diminish the degree of polariza-
tion.

In previous investigations it was customary to measure
the product concentration and water flow rate and then
to determine analytically the concentration polarization
using a mathematical model of the experimental set-up
consisting of the Navier-Stokes and diffusion equations
together with appropriate boundary conditions. It re-
mained to be shown, however, that the solution to these
equations accurately described the polarization in the sys-
tem in question. For example, as is often the case in hydro-
dynamics, the mathematical system governed by the
steady state equations might be an unstable one, hence
the flow structure, and thus the polarization might be
quite different from that predicted on the basis of a steady
state analysis. It is necessary, therefore, to determine

experimentally the actual concentration profiles to see
whether or not the model proposed for the system is a
valid one and can be used with confidence.

To date, the only previous experimental studies of the
concentration polarization appear to be those by Hen-
dricks and Williams (1971), who measured concentration
profiles in a forced convection configuration, and by Liu
and Williams (1970), who made these measurements in
an unstirred batch cell. The present work deals with a
natural convection system in which fluid motion is im-
parted by the difference in density between the bulk
fluid and the more concentrated, and hence heavier,
solution near the surface of the membrane. Measurements
of the concentration profiles in this case were made using
a Mach-Zehnder interferometer, utilizing the change in
refractive index due to the polarization near the mem-
brane.

The natural convection set-up is somewhat similar to
forced convection, which, as mentioned above, has al-
ready been studied both theoretically and experimentally,
besides being used in commercial desalination facilities
utilizing reverse osmosis. However, the advantage of nat-
ural convection for the purposes of this work is that the
system is considerably easier to handle, when compared
to the corresponding forced convection case, in that the
elaborate circulating system complete with high pressure
pump and channel for fully developed flow is eliminated.
Instead all that is required is a vessel to house the osmotic
membrane and salt solution and a source of compressed
gas to develop the necessary pressure driving force.

CONCLUSIONS AND SIGNIFICANCE

The main results of this work are the following:

1. The proposed mathematical model can be used with
confidence to predict accurately the concentration polariza-
tion in a reverse osmosis apparatus under conditions of
natural convection, provided the flow remains laminar.
Moreover, in view of the similarity between forced and
free convection, it would appear likely that the laminar
theory, when properly extended, should also be expected
to apply in a forced convection system.

2. In natural convection, at some distance from the
leading edge of the flat plate, a wavy motion results that
would make this system more useful in reverse osmosis
if the resulting decrease in concentration polarization were
large enough. Quantitative measurements of the polariza-
tion when the unsteady motion was most pronounced
could not be made with the interferometer since the con-
centrations under these conditions were too large to allow
resolution of the fringe shift. However, measurements of
the flow rate showed that when the osmotic pressure was
of the same order as the applied pressure, the experi-
mentally determind flow rates were significantly greater
than those predicted theoretically using a laminar analysis.

For greater applied pressures, which correspond to the
more practical operating conditions, there was little differ-
ence between the theory and the experiments.

3. The Mach-Zehnder interferometer proved to be a
very useful and reliable instrument for this type of work.
The main limitation of the interferometer is that the more
concentrated solutions (bulk concentrations greater than
0.1 moles/liter) make resolution of the fringe shift diffi-
cult, if not impossible, and may lead to problems due to
the deflection of the light beam.

It was the purpose of this study to demonstrate the con-
ditions, if any, under which a mathematical model of a
reverse osmosis system could be used to predict accurately
the concentration polarization and thus the performance
of the desalination process. The results clearly indicate
that the laminar flow model is representative of the actual
polarization that exists in the system in question. Under
conditions of turbulent flow, while the laminar theory
overestimates the degree of polarization, the contribution
of the polarization to the overall driving force for the
reverse osmosis process is small in practical applications.

THEORETICAL DISCUSSION

In the natural convection system the membrane can be
thought of as a vertical plate for which the flux at the
surface is nonzero. Figure 1 gives a schematic diagram of
this system, showing the coordinate axes and the two com-
ponents of the velocity. The velocity component «’ is im-
parted and sustained by the buoyancy force produced by
the increased salt concentration at the surface of the mem-

AIChE Journal (Vol. 20, No. 5)

brane.

As was shown by Johnson and Acrivos (1969), the di-
mensionless momentum and diffusion equations for this
system reduce to the familiar laminar boundary layer
equations for natural convection heat transfer to a high
Prandt]l number fluid (Acrivos, 1960)

d2u/dy? + =0 (1)
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Fig. 1. Schematic of vertical flat plate.

dP/oy =0 (2)
u 80/0x + v 00/9y = 520/ 8y? (3)

provided that N/Sc? >> 1 and Sc >> 1. Since for a typi-
cal reverse osmosis system, for example, salt and water, N
is 0(10%) and Sc is 0(10%), these inequalities are generally
satisfied.

The requirements that the total flux of salt at the surface
be equal to the salt flux penetrating the membrane and
that the velocity u’ be zero at the surface of the plate lead
to the boundary conditions

1 a0
* TR+ (’ay—)m @
u=0 at y=0 (5)
respectively. R, the salt rejection coefficient, is defined by
R=1-cp/cs (6)

For simplicity it will be assumed that R is independent of
solute concentration. Although Sourirajan (1970) has de-
veloped an alternative approach making this assumption
unnecessary, for dilute solutions (less than 1 mole/liter)
the concentration dependence of R can be neglected with
little error (Agrawal and Sourirajan, 1969).

The water flux through the membrane is described by
the relationship (Merten, 1963)

vs = — (1 4+ a(1 — R) — aR%,) (7)

Equations (1) to (3) apply, of course, only within the
diffusion layer and are not valid at large distances from
the plate surface where the effects of the inertia terms must
be considered (Stewartson and Jones, 1957). However,

© The solution to the special case R = 1 was developed previously
by Johnson and Acrivos (1969).

©9 The Supplement has been deposited as Document No. 02463 with
the National Auxiliary Publications Service (NAPS), c¢/o Microfiche
Publications, 305 E. 46 St.,, N.Y., N.Y. 10017 and may be obtained for
$1.50 for microfiche or $5.00 for photocopies.
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when the solution appropriate in the outer region is
matched to that from the inner region according to the
standard requirements of the method of inner and outer
expansions, it is found (Johnson, 1970) that the solution
in the diffusion layer for large Sc becomes uncoupled from
that in the outer region and that the appropriate boundary
conditions as y —> « become

(B - ®

f(x,0) =0 (9)

As shown by Johnson and Acrivos (1969), the above
system of equations can be reduced to a set of ordinary
differential equations by expanding the dependent vari-
ables about the leading edge of the plate. This expansion
takes the form

@

u=a25 3 25 f (n) (10)
n=0

p=2 3 2 guln) (1)
n=0

which, when substituted into (1) to (3), yields an infinite
system of ordinary differential equations for the functions
fn and ¢n. In turn, these can be solved numerically using
the standard Kutta-Merson technique (Fox, 1962) for
given values of the parameters a and R.® The first set of
equations is nonlinear and homogeneous; the remainder
are all linear and nonhomogeneous. These equations and
their boundary conditions, together with the techniques
used to find their solution, are presented in detail by John-
son (1970).**

The concentration profile at any given value of x can
be evaluated from (11) as a function of y or y and com-
pared with that obtained experimentally. Also, using the
calculated results for the polarization, it is possible to
compute the overall flow rate Q of solvent through the en-
tire plate, where

Ll
Q= _j; boy (') dx’ (12)
In view of (7), the above becomes

Q:Qo—hj;Lo.dx (13)

Finally, because of (11)

«©0

s = x1/5 2 xn/5 4,"(0) (14)

n=0
hence (13) reduces to

«©

Q=Q—h 2 n+6

The flow rate Q can now be calculated from (15) and
compared to the experimental measurements.

Lnt+6)/5 ¢n(0) (15)

EXPERIMENTAL APPARATUS

Measurements of the concentration polarization were made
using a Mach-Zehnder interferometer with a helium-neon
laser as a light source. The principal features of the Mach-
Zehnder interferometer have been described in detail by
Ladenburg and Bershader (1954). In the present case the
increased concentration near the membrane surface caused
a change in refractive index, which, in turn, led to a shift
in the interference fringes produced by the interferometer.
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The details of the construction and operation of the inter-
ferometer are given by Johnson (1970).

The osmotic membranes used in the experiments were com-
posed essentially of cellulose acetate, acetone, water, and
magnesium perchlorate, and were obtained from Gulf General
Atomic’s reverse osmosis division in San Diego, California.
These membranes, which are about 0.10 mm in thickness, have
basically a two-layered structure; the top layer is thin and
very dense and comprises less than 1% of the total membrane
thickness, while the reaminder consists of a porous sub-
structure.

The design of the vessel to support and house the osmotic
membrane was based on the requirements of the natural
convection model. A diagram of this vessel with all its various
components is shown in Figure 2. When placed in the up-
right position, the surface of the membrane was vertical and
acted as a vertical flat plate, as in the mathematical model. The
vertical plate was 910 cm long and 9.9 cm wide, which was
wide enough to assure two-dimensionality in natural convec-
tion, the ratio of the diffusion layer thickness to the plate width
being about 1:100. The sides of the vessel were far enough
from the edges of the plate (about 12.5 mm) relative to the
diffusion layer thickness to eliminate any wall effects.

Two pairs of windows (two on each side of the vessel)
were used in order to view the surface of the membrane
from the plate edge in the interferometer. The first set was
located about 15 cm from the leading edge of the vertical
plate, that is, far enough from the leading edge where the
theoretical solution developed above is invalid owing to the
fact that the derivative 92/9x2 is of the same order as
92/8y2 and can no longer be neglected in Equations (1) and
(3). The radius of this region is O(D/AAP) (Johnson, 1970),
or for the typical NaCl-water system used here, approxi-
mately 1 cm or less. The second set of windows was located
at about 60 cm from the leading edge.

The entire system was pressurized with a cylinder of com-
pressed air. A calibrated pressure gauge was used, which
could be read to the nearest 1b./sq.in. with 2 maximum scale
deflection of 400 1b./sq.in.

Any measurement of feed (or product) concentration was
made by determining the electrical resistance of the solu-
tion in a dip-type conductivity cell (Chiu and Fuoss, 1968;
Daniels et al., 1962).

A detailed discussion of the experimental equipment is given

by Johnson (1970).

5 cm dJio. x| cm thick
“~— quortz window

“— Steel window cover

=3 cm dia. opening

/
y £0.5cmdio. “~— Golvonized cold-rolled
J__.-’ Q-ring steel tank
tCellulose acetole b

/ £Sotin acetote backing
- Stainless steel porous plate 0.6 ¢m thick
L Neoprene gosket
- Galvonized cold-rall steel cover

Fig. 2. Diagram of vessel housing osmotic membrane.
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Fig. 3. Product velocity through membrane vs.
applied pressure for distilled water. Slope of
line gives A = 1.62 X 10=5 c¢m/s-atm.

RESULTS

Membrane Constant M r ts

In the tests to determine the membrane constant, the
vessel was filled with distilled water so that the osmotic
pressure term could be neglected in Equation (7). The
velocity vs was then found by measuring the volumetric
flow rate of the water through the membrane for various
applied pressures and dividing it by the membrane area of
900 cm?. Figure 3 depicts the results of one representative
test, with A given by the slope of this line. The values of A
ranged from 0.8 X 1075 to 1.8 X 1075 cm/s-atm for one
roll of membrane, compared to the manufacturer’s quoted
value of 1.3 X 1073 cm/s-atm. Since the membrane may
compact when used under pressure and thereby lead to a
decrease in the flow rate with time, measurements of A
were taken before and after each test, and an average value
was used to represent the experimental condition.

Salt Rejection Measurements

The salt rejection coeflicient R is a parameter that must
be known before the concentration polarization can be
evaluated. This coefficient was determined by using the
vessel in a horizontal position, with the rejection surface
facing up, to simulate a batch cell configuration.

The batch cell system is inherently a transient process,
with the polarization increasing with time. Raridon et al.
(1966} developed a solution for the case R # 1. For large
values of their parameter r (dimensionless time), it can
be shown from their Equation (21) that a steady state
condition can be approached in which the flow rate be-
comes constant, and all the salt convected to the mem-
brane surface passes through the membrane. Consequently,
in such a case, ¢, will equal the bulk concentration c..

This last result does not apply, however, if the surface
concentration increases to such a large extent that, during
the process, the osmotic pressure of the solution at the
membrane surface becomes equal to the applied pressure.
In this case the product flow would asymptotically ap-
proach zero with time. Specifically, if we set ¢, = c¢., we
have from the definitions of R and 6, that 8, = R/(1 — R),
hence, from (7),

vy,=—1+4+a«(2R—-1)/(1 —R) (16)

September, 1974 Page 969



Clearly then the asymptotic solution in which ¢, = c. ap-
plies only if (2R — 1}/(1 — R) < 1. This condition was
satisfied by using dilute solutions so that « << 1.

Experimentally, the surface concentration ¢; was mea-
sured with the interferometer after the product concen-
tration had reached its asymptotic value. The product
water flow rate did decrease during the course of the batch
cell tests, but the ratio of the final to the initial flow rate
was between 0.90 and 0.98 in most cases. Clearly, the
contribution of the osmotic pressure term due to polariza-
tion in Equation (7) was small.

The deviation between ¢, and c. was often quite large,
with the average deviation of their ratio from 1 being 0.2
and the standard deviation 0.25. The reason for this dis-
crepancy was probably due to such factors as membrane
fouling, small membrane punctures, and nonuniformities
in the membrane surface.

Despite the discrepancy between ¢, and c., it can be
seen from (6) that a relatively large error of, say, =10%
in ¢, will result in an error of only about =19% in R, if
R is approximately 0.90. For smaller values of R the error
would be somewhat larger.

Figure 4 is a graph of the salt rejection coeflicient as
a function of pressure; this curve was used to yield a
value of R for the conditions of the natural convection
experiments.

Natural Convection Measurements

In order to simulate conditions for the natural convec-
tion model, the vessel was placed in a vertical position. In-
terferograms were obtained at both sets of windows in
the vessel and for different values of the parameter «.

In order to compare the polarization found experimen-
tally in the natural convection system to that computed
theoretically using the mathematical model, the concentra-
tion was determined as a function of the distance normal
to the membrane surface at a fixed point from the leading
edge. First, the fringe shift, and thus the concentration, at

100

R (%)

80+

-
]

75 + }
0 5 10 15 20

APPLIED PRESSURE (atm)

Fig. 4. Salt rejection coefficient of the membrane at various pressures.
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Fig. 5. Concentration profile in natural convection—top window
location—a = 0.0241, ¢, = 5.49 X 1073 moles/liter, AP = 10.8

atm.,, A = 1.61 X 10~5 cm/s-atm., x = 0.171. theoretical
results for R = 0.92; O experimental results.
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Fig. 6. Concentration profile in natural convection—top window
location—a = 0.640, c, = 4.14 X 10~2 moles/liter, AP = 3.00
atm, A = 176 X 1075 ecm/s-atm.,, x = 2.4 X 10—4

theoretical result for R — 0.85; (O experimental results.

a given coordinate distance ¥’ was obtained from the in-
terferogram as a function of the distance y” from the mem-
brane surface. The dimensional coordinates x” and y’ were
then converted into the dimensionless variables x and % so
that the concentration polarization 8 could be plotted as a
function of 4 for a fixed value of x, just as in (11). Such
a graphical representation of the concentration profiles
makes it easy to compare the theoretical and experimental
results,

Unfortunately, limitations on the numerical solutions
and the experimental conditions made it impossible to
make such a comparison for all values of the parameters x
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and «. To begin with, as explained previously, it is neces-
sary that x >> Sc?/N. It is also evident from (11) that
x cannot be much larger than 1 if the series is to converge.
The largest value of x used in the theoretical computations
was 0.79, for which the seventh term of the series (with
R = 0.92) was found to be approximately 0.5% of the
first term. It can also be seen using the table of coefficients
¢m.n given by Johnson and Acrivos (1968) for the case
R = 1 that truncation of the series at the seventh term
gives better than 1% accuracy if x < 1. On the other hand,
the values of the parameter o are limited from above by
experimental considerations. From its definition, « = ac./
AP = ac./(P, — P, — ac,); hence it can be seen that «
is determined by the bulk concentration of the solution
used in the experiment and by the pressure applied across
the membrane. However, if the concentration is too high,
the fringe shift would be too large for the interferogram
to be properly evaluated. Also, if the applied pressure is
too small, the salt rejection would be correspondingly low
(see Figure 4) and the accuracy of the values of R at
these low pressures would be questionable. Conversely, the
values of o are limited from below since it is necessary to
keep the concentration high enough and the pressure low
enough so that x < 1.0, Even with these restrictions it was
still possible to obtain results for 107¢ < x < 0.8 and for
102 < o < 3, which are respectable ranges for these
parameters.

Figures 5 and 6 depict representative theoretically de-
termined concentration profiles and the corresponding ex-
perimental results from the interferograms obtained at the
top windows of the vessel (that is, the windows closest to
the leading edge of the plate). The appropriate parameters
for each experiment are stated in the caption for each
figure. Note that the value of the salt rejection coefficient
used in the numerical solution was obtained a priori from
Figure 4 from a knowledge of the pressure applied across
the membrane in the experiment, hence the solid curves
were determined theoretically without the use of any ad-
justable parameters.

When using an interferometer to measure large concen-
tration gradients, an error may be introduced due to the
deflection of the light beam toward the plate, an effect
which is often neglected in relating the concentration
polarization to the fringe shift on an interferogram. Beach
{1968) has made an extensive study of this problem in a
similar situation. If the deflection of the light is severe
enough, the apparent position of the plate as seen on the
camera screen will tend to move with an increasing con-
centration gradient; also the fringe shift at any point in the
diffusion layer will be affected by this deflection. Each ef-
fect will depend upon the exact plane of focus along the
width of the membrane. Wachtell (1950) has developed a
first-order correction for the latter effect and has shown
that the error in the concentration would be given by, in
the present case,

_E-b_[AAPcm 60]2(d b)

g lem ol \g-g) 7

2 6
According to (17), the maximum error in the surface con-
centration for a typical natural convection test would be
approximately 129% for the case in which the plane of
focus was at the light beam entrance edge of the plate (d
= b). The error would, of course, have been minimized if
the focal plane were located at d = b/3.

In an effort to estimate the magnitude of any apparent
change in the location of the plate surface resulting from
the presence of a concentration gradient, the plate surface
was adjusted until the maximum number of fringes were
obtained. (At this point the plate would be parallel to the
direction of the light beam.) The camera was then moved
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until the edge of the vertical plate was in focus, at which
point its position was marked on the camera screen. The
How through the membrane was then stopped by plugging
the exit hole for the product solution in the vessel cover.
When a concentration gradient no longer existed to deflect
the light beam, it was found that the plate position had
not changed from its original location, hence, it was con-
cluded that this particular source of error was absent in
our case.

Any error in the measurement of the salt rejection coeffi-
cient in the batch cell configuration would have led, of
course, to a corresponding error in the numerical caleula-
tions of the concentration profiles in natural convection.
To illustrate this effect, Figure 7 gives the results of nu-
merical calculations using two different values of R. The
solid curve is the theoretical result with R obtained from
Figure 4, whereas the dotted curve shows the effect of
increasing R by about 6%, which is about twice the actual
uncertainty in R from the batch cell measurements. As can
be seen, the uncertainty in the value of the surface concen-
tration is about the same as the uncertainty in R itself.

In summary then, good agreement was obtained between
experiment and theory for the tests at the top window
location, with an average deviation of the experimental
values of the surface concentration from those predicted
theoretically of only about 5%.

Figures 8 and 9 present a comparison between the
numerical solutions and the experimental results taken at
the bottom windows of the vessel. The agreement here is
not as good as before, with the experimental data falling
consistently below the theoretical curve. This is an inter-
esting result, in view of the good agreement obtained at
the top windows.

When the interference fringe pattern from the bottom
window location was viewed on a screen, the pattern ap-
peared to be wavy and unsteady. In fact, no steady state
was ever achieved. Moreover, the larger the bulk concen-
tration and applied pressure, the more frequent and in-
tense these wavy disturbances became, and under some
conditions, the flow became turbulent. These waves, which
were observed to propagate in the same direction as the
force of gravity when viewed on the camera screen, ap-

3.0
+
201
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x
S~
(n.)
1.01
0
0 1.0 2.0 3.0
n
Fig. 7. Concentration profile in natural convection showing effect of
the uncertainty in R—top window location—a — 0.0450, ¢, =

6.45 X 1073 moles/liter, AP = 6.77 atm., A = 1.56 X 105 cm/
s-atm., x = 0.0214. theoretical result for R — 0.87; - ---
theoretical result for R = 0.92; () experimental results.
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Fig. 8. Concentration. profile in natural convection—bottom window

location—a = 0.0245, ¢, = 5.73 X 103 moles/liter, AP = 11.1

atm., A = 1.61 X 10735 ¢m/s-atm., x = 0.793. theoretical
result for R = 0.92; O experimental results.
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Fig. 9. Concentration profile in natural convection—bottom window

location—a = 0.0922, ¢, = 1.07 X 102 moles/liter, AP = 5.50

atm., A — 1.60 X 103 cm/s-atm., x = 0.0252. theoretical

result for R = 0.87;, (O, A experimental results at two different
times indicate change in diffusion layer thickness.

parently affected the concentration polarization, as can be
seen by the results in Figures 8 and 9.

For dilute salt solutions, that is 0(10~2) moles/liter or
less, it was found that the overall fringe shift appeared to
be constant although a change in the diffusion layer thick-
ness was observed as the wave travelled along the plate.
The concentration profiles obtained from interferograms
taken at two different times are shown in Figure 9, from
which it can be seen that the surface concentrations at
both times are equal but that the profiles diverge for in-
creasing v, indicating a change in the thickness of the
diffusion layer.
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It is likely that the buoyancy forces are such that, under
certain conditions, there is a transition from the laminar
flow, assumed to exist in the development of the mathe-
matical model, to a wavy or a turbulent motion. This tur-
bulence was most pronounced for concentrations greater
than 0.1 moles/liter and pressures (AP) in excess of 10
atm. Of course, one would expect that the resulting in-
creased mixing would render the concentration polarization
less severe than in the corresponding case of laminar flow.

When the motion appeared highly turbulent, the wave
speed of a typical disturbance was approximately 0.5 cm/s
for a bulk concentration of 0.24 moles/liter and pressures,
AP, of 5 to 10 atm. Although the flow conditions under
which the data in Figures 8 and 9 were taken were hardly
turbulent, the waves were visible and apparently had some
effect. However, since the concentrations and pressures for
which the more turbulent motions set in were too high to
allow the fringe pattern to be resolved with any accuracy,
the effect of any such turbulence on the concentration po-
larization must be inferred from the flow rate data.

Table 1 shows a comparison of the experimentally mea-
sured flow rates in the natural convection system and those
calculated from (13). Clearly, this is not as sensitive a test
of the model as a direct comparison of experimentally and
theoretically determined concentration profiles since the
flow rate is dependent on an integrated average of the
surface concentration over the length of the plate. Besides,
the polarization term in Equation (7) was, in most cases,
too small to greatly affect the product flow rate. The
agreement is, therefore, quite good, as should be expected,
for those cases where the wavy motion at the bottom end
of the plate should have had little effect. However, in a
few cases, where the concentration was large and the
polarization term in (7) was close to 1.0, the theory pre-
dicted a much lower flow rate than was measured. Under
these conditions, the effect of the wavy motion seems to
have been quite pronounced.

Figure 10 depicts the results of some flow rate measure-
ments in natural convection with a large bulk concentra-
tion so that the turbulent conditions prevailed at the bot-
tom half of the plate for large applied pressures, together
with the value of Q as calculated using (15). For com-
parison the results of flow rate measurements taken with
the same bulk concentration and the membrane in a hori-
zontal inverted position, that is, with the membrane re-
jecting surface facing down, are also shown. The latter
represents a gravitationally unstable configuration, with
the heavier, more concentrated liquid lying above the
lighter bulk solution, so that the ensuing fluid motion

TABLE 1. COMPARISON OF EXPERIMENTALLY AND
THEORETICALLY DETERMINED FLOW RATES FOR THE
NATURAL CONVECTION SYSTEM

P Cy Q exp., Q theor.,
atm moles/liter a ce/s ce/s
1.05 0.237 10.6 0.0267 0.0134
1.50 0.237 7.43 0.0284 0.0140
2.72 0.237 4,10 0.0352 0.0252
3.00 0.0414 0.648 0.046 0.044
4.73 0.0092 0.0913 0.072 0.072
5.65 0.0109 0.0908 0.076 0.077
5.99 0.00735 0.0577 0.089 0.084
6.71 0.0092 0.0645 0.099 0.101
6.77 0.00645 0.0448 0.088 0.092
6.80 0.237 1.64 0.058 0.052
7.22 0.00549 0.0358 0.099 0.102
8.16 0.00573 0.0330 0.113 0.115

10.3 0.0092 0.0420 0.149 0.152
10.8 0.00549 0.0239 0.147 0.151
111 0.00573 0.0243 0.156 0.154
15.6 0.00549 0.0166 0.210 0.216

AIChE Journal (Vol. 20, No. 5)



0.07

0.06+

0.05-

T

o

o

&
L

Q (cc/sec)

o
Q
w

0.02+

xo

0.011

5 10 15 20
Ry - Ry (atm)
Fig. 10. Effect of natural convection instability on flow rate. ¢, =

0.24 moles/liter, ac, = 11 atm. theoretical results from (15);
QO vplate in vertical position; X plate in horizontal inverted position.

causes a decrease in the polarization near the membrane
surface. The fact that, under the same operating condi-
tions, the flow rate with the membrane in the horizontal
inverted postion was found to be almost identical to that
in the natural convection system indicates that the effect
of the instability on the polarization is rather similar in

each case.
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NOTATION

A = membrane constant

a = proportionality constant relating osmotic pressure
to concentration (equal to about 47 atm. liters/
mole for dilute salt solutions)

b = width of vertical plate

c = solute concentration

¢s = surface concentration of solute

¢, = product concentration of solute

¢, = bulk concentration of solute

D = diffusivity

d = distance of plane of focus along the membrane
surface to the edge of the plate where the light
beam emerges from the diffusion layer

g = acceleration of gravity

h = baRvN/Sc?
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= proportionality constant relating refractive index
and concentration

= dimensional overall length of vertical plate

= dimensionless overall length of vertical plate =

L’Sc?AAP/vN

dimensionless group = Bgc.v/ (AAP)3

pressure

pressure on feed or salt water side of membrane

pressure on product side of membrane

Py, — P, — ac,

volumetric flow rate

bL’AAP(1 + (1 — R))

salt rejection coefficient of the membrane

~

NNz oS R

"3
Y]

OO P,

T O T T A VA [ T 1 VI

Sc Schmidt number v/D

t time

74 dimensional velocity parallel to the vertical plate

u dimensionless velocity parallel to vertical plate =
w'Sc2/NAAP

¢ = dimensional velocity normal to membrane surface

v = dimensionless velocity normal to membrane sur-
face = v'/AAP

vy = dimensionless velocity normal to membrane sur-
face at the surface of the membrane

¥ = dimensional distance parallel to the vertical plate

x = dimensionless distance parallel to vertical plate =
x’ScBAAP/vN

y = dimensional distance normal to membrane surface

y = dimensionless distance normal to membrane sur-

face = yAAP/D

Greek Letters

o = dimensionless group = ac./AP

B = proportionality constant relating density and con-
centration

n = y/x/3

¢ dimensionless concentration = (¢ — ¢,) /¢

6 (cs — €x)/Ca

dimensionless time = vst/D
kinematic viscosity
= dimensionless time, v#t/D
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Three-Dimensional Flow of Fluids Through
Nonuinform Packed Beds

Through the statement of the Ergun equation in a vectorial form, a
formulation is presented for three-dimensional flow of fluids through
packed beds having a spatially variable resistance to flow. The equations
were put in a form convenient for numerical solution by successive over-
relaxation, and a selection of computed results is presented for cylindrical
beds where the nonuniform resistance to flow obeys axial symmetry. The
method outlined in the paper for calculating flow maldistribution in packed
beds is thought to be a necessary first step in the representation of hot spot

formation and flow nonuniformities in packed bed reactors.

V. STANEK

Institute of Chemical Process Fundamentals
Czechoslovak Academy of Sciences,
16502 Prague, Suchdol, Czechoslovakia

and
J. SZEKELY

Department of Chemical Engineering
and Center for Process Metallurgy
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Buffalo, New York 14214

SCOPE

The understanding of flow phenomena, or more spe-
cifically, flow maldistribution in packed beds having
spatially nonuniform resistance to flow is of considerable
practical importance in the interpretation of chemical
reactor performance. In principle such flow maldistribu-
tion may occur due to spatially variable porosity or par-
ticle size distribution in the bed, or variable resistance
may also be caused by radial temperature gradients in the
bed. Problems of this type were discussed in two earlier
papers by Stanek and Szekely (1971 and 1972) where
a formulation was given by writing the axial and radial
components of the Ergun equation relating pressure drop
of a uniform isothermal bed to its porosity, particle diam-
eter, and physical properties of the fluid. This procedure
was shown to be only approximate by Radestock and
Jeschar (1970, 1971), but the actual solution of the equa-

tions proposed by them (for two-dimensional systems)
was very cumbersome.

In the present paper a statement is given of the flow
problem in three dimensions by restricting the validity
of the Ergun equation to an infinitesimal length of the
bed and to the direction of the flow. The vectorial and
differential form of the Ergun equation is then used to
derive partial differential equations for the flow and
pressure distributions in coordinate-free form. The han-
dling of the equations is fully rigorous and involves no
additional empiricism than that already contained in
the Ergun equation. The formulation given here is thought
to represent a first, necessary step for the better under-
standing of flow maldistribution phenomena and ulti-
mately hot spot formation in packed bed reactors.

CONCLUSIONS AND SIGNIFICANCE

Through the statement of the Ergun equation in a
differential vectorial form, equations are presented in
coordinate-free form for three-dimensional fluid flow
through packed beds having a distributed resistance to
flow. The governing equations are developed into a form
convenient for machine computation, and a selection of
computed results is presented describing the velocity
field and the isobar pattern in cylindrical coaxial inter-
communicating beds of different resistance. Except for
relatively short entrance-flow region the flow in such
beds is essentially parallel (although not uniform) and a

Correspondence concerning this paper should be addressed to J. Szekely.
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closed-form solution for the latter part is presented.

The principal significance of the work is that it pro-
vides a rigorous treatment of the Ergun equation leading
to the formulation of the flow maldistribution problem
as well as pressure distribution in nonuniform packings.
Though strongly nonlinear, the flow equation poses no
particular difficulty to the attack by numerical methods.
Once the velocity pattern has been known, the pertaining
pressure distribution can be obtained from a second-O{-der
partial differential equation linear in pressure also. derived
in the paper. All equations presented apply without a
change to nonisothermal problems where heat transfe-r
equations are coupled with the flow equations and addi-
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